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ABSTRACT
We present different chemical evolution models for the ultrafaint dwarf galaxy Boo¨tes I. We
either assume that the galaxy accretes its mass through smooth infall of gas of primordial
chemical composition (classical models) or adopt mass accretion histories derived from the
combination of merger trees with semi-analytical modelling (cosmologically-motivated mod-
els). Furthermore, we consider models with and without taking into account inhomogeneous
mixing in the ISM within the galaxy, i.e. homogeneous versus inhomogeneous models. The
theoretical predictions are then compared to each other and to the body of the available data.
From this analysis, we confirm previous findings that Boo¨tes I has formed stars with very
low efficiency but, at variance with previous studies, we do not find a clear-cut indication
that supernova explosions have sustained long-lasting galactic-scale outflows in this galaxy.
Therefore, we suggest that external mechanisms such as ram pressure stripping and tidal strip-
ping are needed to explain the absence of neutral gas in Boo¨tes I today.
Key words: galaxies: abundances – galaxies: dwarf – galaxies: evolution – galaxies: individ-
ual (Boo¨tes I) – stars: abundances.
1 INTRODUCTION
Since its recent discovery (Belokurov et al. 2006), the Boo¨tes I ul-
trafaint dwarf spheroidal galaxy (UFD) has been the subject of a
number of investigations, aiming at providing insight into the for-
mation and evolution of this system. Located at 66± 2 kpc dis-
tance from the Sun and with an absolute visual magnitude of MV =
−6.3± 0.2 mag (McConnachie 2012), Boo¨tes I is one of the bright-
est UFDs found lurking around the Milky Way, and one of its clos-
est satellites. The color-magnitude diagrams reveal that its stellar
population is old and metal-poor, with age spread (if any) limited
to a few billion years (de Jong et al. 2008; Hughes, Wallerstein &
Bossi 2008). No HI is detected in or around Boo¨tes I to a 3σ upper
limit of 180 M within the optical half-light radius; the resulting HI
mass-to-light ratio is, thus, extremely low, less than 0.002 M/L,
which makes it one of the most gas-poor galaxies known (Bailin
& Ford 2007). Whichever mechanisms are responsible for gas re-
moval from Boo¨tes I, the absence of gas streams or outflowing gas
suggests that they have completed long ago. Boo¨tes I also exhibits
extremely irregular density contours (Belokurov et al. 2006), which
indicates that it is undergoing tidal disruption.
Estimates of the dynamical mass enclosed within the half-light
radius (rh = 242± 21 pc; McConnachie 2012) have suggested that
this extremely low-luminosity system is possibly the darkest Milky
? E-mail: donatella.romano@oabo.inaf.it
† CIfAR Global Scholar.
Way satellite, with Mdyn(6 rh) = 2.36× 107 M, when a stellar ve-
locity dispersion of σv = 9.0 km s−1 is adopted (Wolf et al. 2010).
However, large uncertainties affect this determination and the mass
may be sensibly smaller, with a lower limit of 8.1× 105 M re-
ported by McConnachie (2012), based on Koposov et al.’s (2011)
lower value for σv. Koposov et al. actually find two kinematically
distinct stellar components in Boo¨tes I: a dominant, ‘cold’ com-
ponent, that encompasses 70 per cent of the member stars and
has a low projected radial velocity dispersion of 2.4+0.9−0.5 km s
−1,
and a minority, ‘hot’ component, that encompasses 30 per cent of
the member stars and has a projected radial velocity dispersion of
about 9 km s−1. They speculate that this may arise from the velocity
anisotropy of the stellar population.
Despite its small baryonic mass (the stellar mass is only
2.9× 104 M, assuming a stellar mass-to-light ratio of 1; Mc-
Connachie 2012), Boo¨tes I shows a large star-to-star variation in
Fe abundances (Norris et al. 2008, 2010a; Feltzing et al. 2009;
Lai et al. 2011; Gilmore et al. 2013), in starkingly sharp contrast
with the lack of evidence for [Fe/H] dispersion in Galactic globular
clusters of similar mass (see the review by Gratton, Sneden & Car-
retta 2004 and Carretta et al. 2009). Iron abundances [Fe/H] rang-
ing from −3.7 to −1.65 in Boo¨tes I clearly point to self-enrichment
from essentially primordial initial chemical composition and pro-
vide indirect evidence for the presence of dark matter (Norris et al.
2008) or, alternatively, for a baryonic mass at the epoch of chemical
enrichment significantly higher than seen today.
Recently, Vincenzo et al. (2014) modelled the chemical evo-
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Table 1. High-resolution abundances of Boo¨tes I stars.
Star [Fe/H] σ [C/Fe] σ [Na/Fe] σ [Mg/Fe] σ [Ca/Fe] σ [Ti/Fe] σ [Ba/Fe] σ Source/Instr.a
Boo-7 −2.33 0.05 0.41 0.11 0.23 0.11 −0.75 1/H
Boo-9 −2.64 0.14 < −0.29 0.01 0.27 0.13 0.16 0.18 0.05 0.26 0.10 −0.89 0.27 3/S
Boo-33 −2.52 0.07 0.45 0.17 0.40 0.14 −0.40 0.18 1/H
−2.32 0.16 0.05 0.23 0.26 0.22 0.14 0.06 −0.02 0.17 −0.40 0.19 2/U
Boo-41 −1.88 0.16 0.50 0.22 0.28 0.06 0.78 0.20 −0.39 0.20 2/U
Boo-94 −2.95 0.04 0.49 0.05 0.22 0.05 1/H
−2.94 0.16 0.15 0.20 0.49 0.16 0.30 0.06 0.26 0.13 −0.94 0.20 2/U
−3.18 0.14 <0.25 −0.32 0.20 0.39 0.06 0.46 0.05 0.28 0.19 −0.80 0.12 3/S
Boo-117 −2.29 0.06 0.35 0.15 0.29 0.15 −0.46 0.10 1/H
−2.18 0.16 −0.05 0.24 0.18 0.22 0.20 0.06 0.14 0.13 −0.65 0.25 2/U
−2.15 0.18 −0.79 0.35 −0.25 0.08 0.04 0.14 0.01 0.13 0.23 0.17 −0.43 0.10 3/S
Boo-119 −3.33 0.16 0.73 0.23 1.04 0.22 0.46 0.18 0.80 0.28 −1.00 0.24 2/U
Boo-121 −2.44 0.04 0.37 0.16 0.38 0.14 −0.43 1/H
−2.49 0.19 < −0.24 −0.25 0.10 0.20 0.20 0.24 0.08 0.09 0.19 −0.63 0.20 3/S
Boo-127 −2.03 0.06 0.71 0.09 0.02 0.10 −0.64 0.31 1/H
−2.01 0.16 0.17 0.18 0.16 0.05 0.20 0.14 −0.69 0.29 2/U
−1.92 0.21 −0.77 0.36 −0.18 0.15 0.11 0.07 0.19 0.10 0.15 0.15 −0.87 0.24 3/S
Boo-130 −2.32 0.16 0.03 0.21 0.21 0.22 0.19 0.08 0.17 0.16 −0.54 0.23 2/U
Boo-911 −2.26 0.05 0.29 0.13 0.40 0.06 −0.56 0.08 1/H
−2.16 0.23 −0.77 0.37 −0.28 0.08 0.35 0.13 −0.01 0.12 −0.09 0.11 −0.64 0.15 3/S
Boo-1137b −3.66 0.11 0.26 0.2 −0.08 0.14 0.30 0.21 0.55 0.14 0.48 0.10 −0.55 0.17 2/U
Notes. Identification system by Norris et al. (2008). Solar reference values from Asplund et al. (2009).
a 1: Feltzing et al. 2009; 2: Gilmore et al. 2013; 3: Ishigaki et al. 2014; H: High Resolution Echelle Spectrometer (HIRES) on Keck I; U: Ultraviolet and
Visual Echelle Spectrograph (UVES) on VLT; S: High Dispersion Spectrograph (HDS) on Subaru.
b [Fe/H], [Mg/Fe], [Ca/Fe] and [Ti/Fe] from Table 8 of Gilmore et al. (2013); [C/Fe], [Na/Fe] and [Ba/Fe] from Table 2 of Norris et al. (2010b), placed on the
Asplund et al. (2009) scale.
lution of Boo¨tes I and concluded that this galaxy experienced very
low star formation activity and efficient galactic winds, that got rid
of all its gas. Their findings are in agreement with previous claims
by Salvadori & Ferrara (2009) that UFDs have formed stars very
ineffectively, turning less than 3 per cent of their baryons into stars.
All its characteristics make Boo¨tes I an outstanding local
benchmark of the elusive earliest stages of galaxy formation. The
purpose of this paper is to interpret the chemical features of stars
in Boo¨tes I in terms of enrichment time-scales and early evolution-
ary conditions. In Section 2, we review the available spectroscopic
data. In Section 3, we present our chemical evolution models. In
Section 4 our results are discussed, in comparison to the observa-
tions. Finally, in Section 5 some conclusions are drawn.
2 OBSERVATIONAL DATA
2.1 Low- and high-resolution spectroscopy
Nowadays, it is widely recognized that the relative distribution of
the chemical elements inside galaxies and the spread in abundance
ratios are major diagnostics of structure formation and evolution.
Reliable abundance determinations of a large number of chemi-
cal species are best obtained by means of high spectral resolution
analyses. However, high-resolution spectroscopic measurements of
individual members of the faintest Milky Way companions are ex-
tremely challenging. At low resolution, the exposure times signifi-
cantly shorten and larger samples of stars can be probed. However,
from low-resolution spectra typically only iron, α elements and car-
bon abundances can be obtained. Medium-resolution spectroscopy
(R ∼ 6000) offers a reasonable trade-off, especially if coupled to
multi-object capability, by enabling valuable data to be collected
for thousands of stars in Milky Way satellites (e.g. Battaglia et al.
2006; Kirby et al. 2010; Vargas et al. 2013). In the following, we
review the spectroscopic data available for the Boo¨tes I UFD.
Lai et al. (2011) have presented a chemical abundance anal-
ysis of 25 members of Boo¨tes I. Target stars were selected from
the radial velocity survey of Martin et al. (2007) and observed with
the Low Resolution Imaging Spectrometer (LRIS; Oke et al. 1995)
mounted on the Keck I telescope. The resolving power is R ∼ 1800
at 5100 Å. The data allow measurements of [Fe/H], [C/Fe] and
[α/Fe] for each star. A significant spread in metallicity (2.1 dex
in [Fe/H]) and a low mean iron abundance (〈[Fe/H]〉=−2.59 dex)
are found, matching previous estimates (see next paragraph). The
authors caution that a systematic offset on the order −0.13 dex from
literature values is likely present in their [α/Fe] ratios.
High-resolution spectroscopic studies have been carried out
for sparse samples of Boo¨tes I stars, using different instrumentation
(see Table 1). Feltzing et al. (2009) have found a mean metallicity
of −2.3 dex for seven red giant stars with individual [Fe/H] val-
ues ranging from −2.9 to −1.9 dex. One star in their sample, Boo-
127, shows an unusually high [Mg/Ca] ratio, similarly to Dra-119
in Draco (Fulbright et al. 2004) and Her-2 and Her-3 in Hercules
(Koch et al. 2008). The high value of [Mg/Fe] for Boo-127, how-
ever, is not confirmed by Gilmore et al. (2013), who, on the other
hand, find excellent abundance agreement for Ca, Ba and Fe for the
four stars they have in common with Feltzing et al. (2009). One star
in Gilmore et al.’s (2013) sample, Boo-41, displays an anomalously
high Ti abundance. Another object, Boo-119, is a carbon-enhanced
metal poor star ([Fe/H] =−3.33 dex) with no neutron-capture ele-
ment enhancement (CEMP-no star) and [Mg/Fe] = 1.04 dex. If both
these stars are excluded, a weak signature of declining [α/Fe] with
increasing [Fe/H] is found, in contrast to what is known for field
c© 2014 RAS, MNRAS 000, 1–12
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halo stars of the same metallicities (see also Vargas et al. 2013). The
chemical evolution of Boo¨tes I is suggested to have proceeded in a
homogeneous manner, at variance with Feltzing et al. (2009), who
support the presence of inhomogeneities. In order to shed light on
these discrepancies, Ishigaki et al. (2014) have recently performed
an independent analysis of six red giant stars in Boo¨tes I. They
have five stars and three stars, respectively, in common with Feltz-
ing et al. (2009) and Gilmore et al. (2013). Their analysis does not
support a highly inhomogeneous chemical evolution for Boo¨tes I
and suggests a low value for [Mg/Fe] in Boo-127, fully consistent
with Gilmore et al. (2013) and in disagreement with Feltzing et al.
(2009). Finally, carbon abundances from medium-resolution spec-
tra for sixteen Boo¨tes I red giants are presented in Norris et al.
(2010a). The spread in carbon abundances is large, ∆[C/H] = 1.5
dex.
For the purpose of the present work, we adopt the high-
resolution data published in Feltzing et al. (2009), Norris et al.
(2010b), Gilmore et al. (2013) and Ishigaki et al. (2014) (see Ta-
ble 1, where the ratios have been adjusted using Asplund et al. 2009
solar reference values if needed). Moreover, we adopt carbon abun-
dances by Norris et al. (2010a) and Lai et al. (2011) for sixteen stars
and one star (Boo-119), respectively. These abundances have been
inferred from medium- and low-resolution spectra and are not listed
in Table 1. To ensure a good statistic, we also use as a constraint
the Boo¨tes I ‘combined’ metallicity distribution function (MDF)
obtained by Lai et al. (2011) by expanding their sample to include
non-overlapping stars from Norris et al. (2010a) and Feltzing et al.
(2009); the resulting empirical distribution totals 41 stars.
3 CHEMICAL EVOLUTION MODELS
We compute the evolution of the abundances of several chemical
elements (H, D, He, Li, C, N, O, Na, Mg, Al, Si, S, Ca, Sc, Ti,
Cr, Mn, Co, Ni, Fe, Cu, Zn) in the interstellar medium (ISM) of
Boo¨tes I. We use detailed numerical models, that solve the classical
set of equations of chemical evolution (see e.g. Tinsley 1980; Pagel
1997; Matteucci 2001, 2012).
3.1 Classical models
Our classical models rest on the following assumptions:
(i) inflow of gas of primordial chemical composition provides
the raw material for star formation;
(ii) galactic outflows remove gas from the system;
(iii) the stellar initial mass function (IMF) is constant in space
and time;
(iv) the finite stellar lifetimes are taken into account (no instan-
taneous recycling approximation, IRA, is adopted).
3.1.1 Gas accretion and star formation
For the sake of simplicity, the rate of gas infall is parametrized as
dMb
dt
∝ e−t/τ, (1)
whereMb, the total amount of matter ever accreted, and τ, the e-
folding time-scale, are free parameters of the models. A smooth
accretion of gas is clearly a rough approximation of the true assem-
bly history of galaxies. According to modern theories of galaxy for-
mation, in fact, the mass assembly must proceed through discrete
episodes and mergers play a key role (see e.g. Conselice 2012, for
a recent review). However, if most of the mass is gathered early on
in gaseous subclumps and the stars form mostly in situ, the chem-
ical properties predicted for the bulk of the stellar population are
expected to be quite robust against the simplified mass assembly
history implied by Equation (1).
The gas is turned into stars following a Kennicutt-Schmidt law
(Schmidt 1959; Kennicutt 1998):
ψ(t) = νMgas(t), (2)
where ν, the efficiency of the process, is a free parameter of the
models. To be precise, the original Kennicutt (1998) law refers
to surface densities: Σ˙? ∝ Σ1.4±0.15gas . For star-forming regions with
roughly constant scale heights, the surface densities can be turned
into volume densities: ρ˙? ∝ ρ1.5gas. By assuming that the Kennicutt-
Schmidt law indicates that the star formation rate is controlled by
the self-gravity of the gas, one can write: ρ˙? = ερgas/tff , where
tff ∝ 1/√ρgas and ε is a free parameter. We adopt this formulation
of the star formation rate, with ν = ε/tff . We do not consider a
gas density threshold for star formation. As for the stellar IMF, we
adopt a Kroupa (2001) IMF in the mass range 0.1–100 M, unless
otherwise stated.
3.1.2 Mechanical feedback
Thermal feedback from stars is included by assuming that type
II and type Ia supernovae (SNe II and SNe Ia, respectively) de-
posit ESN = 1051 erg of energy each1 into the ISM. The energy in-
jected by a typical massive star via stellar winds during its lifetime
(Ewind = 1049 erg; see Gibson 1994, his figure 1) is added though
it has a negligible effect on the global energy budget. In order to
account for radiative energy losses, we assume constant values of
the thermalization efficiencies, εSNII = εSNIa = εwind = ε = 0.01–0.1
(see Table 2). It is worth stressing that there is not general consen-
sus about these values in the literature (see e.g. Recchi 2014, for a
recent review). Furthermore, the heating efficiency is likely to be a
time-dependent quantity (Melioli & de Gouveia Dal Pino 2004).
At each time step, we compute the gas thermal and binding en-
ergies following Bradamante, Matteucci & D’Ercole (1998). When
the thermal energy of the gas exceeds its binding energy, an outflow
develops and the thermal energy of the gas is reset to zero. The rate
of gas loss through the outflow is assumed to be proportional to the
star formation rate
dM out
dt
= wψ(t), (3)
where w is a further free parameter of the models describing the
efficiency of the galactic wind. Following both theoretical and em-
pirical considerations (e.g. Vader 1986, 1987; Recchi, Matteucci &
D’Ercole 2001; Martin, Kobulnicky & Heckman 2002) we assume
a higher ejection efficiency for the heavy elements freshly synthe-
sised in SN explosions than for the neutral ISM (selective winds;
Marconi, Matteucci & Tosi 1994); in particular, we assume wheavy =
2 wH,He = 12.
The final fate of the swept-up gas and supernova ejecta is mat-
ter of debate. Silich & Tenorio-Tagle (1998) find that the gas re-
mains bound in the hot gaseous halos surrounding galaxies as mas-
sive as 109–1010 M. A similar conclusion is reached by Marcol-
ini et al. (2006) for lower mass galaxies (they analyse the specific
1 The consequences of the occurrence of hypernovae with more energetic
outputs are not explored.
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Table 2. Parameters and final properties of the classical homogeneous models.
Model Mb τ ν ∆tSF rh/rDM MDM ε wheavy Mstars 〈[Fe/H]〉stars ∆tout Mgas Flag
(M) (Myr) (Gyr−1) (Gyr) (M) (104 M) (dex) (Myr) (106 M)
Boo 1 2× 106 50 0.02 1 0.1 2× 106 0.01 12 1.5 −2.24 285 1.87
Boo 2 2× 106 50 0.02 1 0.1 2× 106 0.1 12 1.5 −2.25 45 1.74 D
Boo 3 2× 106 50 0.02 1 — — 0.01 12 1.5 −2.24 275 1.87
Boo 4 2× 106 50 0.04 1 0.1 2× 106 0.01 12 3.0 −1.92 155 1.84
Boo 5 1.1× 107 50 0.013 1 0.1 1.1× 108 0.1 12 5.5 −2.44 310 10.4
Boo 6 1.1× 107 50 0.026 0.5 0.1 1.1× 108 0.1 12 5.5 −2.52 165 10.4
Boo 7 1.1× 107 50 0.053 0.25 0.1 1.1× 108 0.01 12 5.5 −2.60 — 10.4
Boo 8a 1.1× 107 50 0.053 0.25 0.1 1.1× 108 0.01 12 5.5 −2.60 — 10.4
105 50 4.0 0.02 0.1 1.1× 108 0.01 12 0.25 −2.46 15 0.09 D
Boo 9 1.1× 107 50 0.013 1 0.1 6.5× 107 0.1 12 5.5 −2.44 280 10.3
Notes. Listed in columns 1 to 13 are: the model name; the total baryonic (gaseous) mass accreted by the system; the infall time-scale; the star formation
efficiency; the duration of the star formation episode; the ratio of the effective-to-dark matter core radius; the total dynamical mass of the system; the
thermalization efficiency from SNe of all types and stellar winds; the efficiency of metal removal from the star forming regions; the final stellar mass of the
system; the average stellar metallicity; the time interval between the beginning of star formation and the onset of the first episode of gas removal from the star
forming region (that does not necessarily lead to gas removal from the system); the final gaseous mass of the system. A capital ‘D’ in the last column denotes
whether the energy output from SNe exceeds the binding energy of the galaxy (which results in disrupting the object).
a This model is characterized by two bursts of star formation. The model parameters (columns 2–9) and final properties (columns 10–13) corresponding to
the two distinct star formation episodes are listed in distinct rows.
case of Draco, a classical dwarf spheroidal galaxy of the Local
Group). In this picture, gas removal ultimately results from ram
pressure stripping (Mori & Burkert 2000) and/or tidal interaction
with the Milky Way (Mayer et al. 2006). We note that our more
massive models have low circular velocity, Vc = 14 km s−1,2 and
virial temperature below 104 K. In such conditions, gas cools inef-
ficiently (Sutherland & Dopita 1993). The cooling time is expected
to be (slightly) lower than the (out)flow time and the material en-
trained in the outflow can possibly leave the galaxy (see Wang
1995). Clearly, the arguments above suffer of important oversim-
plifications –for instance, we do not take into account the role of
gas geometry on the development of galactic winds (the interested
reader is referred to Recchi & Hensler 2013 for a recent reappraisal
of this problem). For the purpose of the present work, it suffices to
say that in the framework of our classic chemical evolution models
the gas entrained in the outflow is assumed to never re-enter the
star-forming regions. Sawala et al. (2010, 2014) provide a more re-
alistic treatment of the gas in dwarf galaxies with a range of masses
that partly overlaps the one analysed here.
3.1.3 Chemical feedback
One of the most important ingrendients of chemical evolution mod-
els are, of course, the stellar yields. In this work, we test two dif-
ferent grids of yields for both low- and intermediate-mass stars
(1 6 m/M 6 8) and massive stars (m > 8 M):
(i) the metallicity-dependent yields from van den Hoek & Groe-
newegen (1997) for single low- and intermediate-mass stars and
those from Woosley & Weaver (1995, their case B) for core-
collapse SNe (our standard choice);
(ii) the metallicity-dependent yields from Karakas (2010) for
2 Following Desai et al. (2004), this corresponds to a stellar central ve-
locity dispersion σv = 9 km s−1, that agrees well with the observed values
(2.4–9.0 km s−1, depending on the considered component, see Koposov et
al. 2011).
single low- and intermediate-mass stars and those from Kobayashi
et al. (2006) for core-collapse SNe.
Both grids of yields allow to reproduce reasonably well most of the
abundance data for solar neighbourhood stars (see Romano et al.
2010). In Section 4 we show the results of the models with our stan-
dard choice of stellar yields. The impact of adopting different nu-
cleosynthesis prescriptions is discussed in Appendix A. The yields
for SNeIa are always taken from Iwamoto et al. (1999, their model
W7). The rate of SNeIa is computed following the recipes outlined
in Matteucci & Greggio (1986).
The adopted values of the parameters for our classical models
are listed in columns 2 to 9 of Table 2.
3.2 Cosmologically-motivated models
In the classical chemical evolution modelling scheme described in
the previous section, Boo¨tes I is assumed to form via accretion
of gaseous matter of primordial chemical composition, following
(rather arbitrarily) a time-decaying infall rate. Possible interactions
with the surroundings are not taken into account. However, nowa-
days the formation sites of even the smallest Milky Way satellites
are directly resolved in large cosmological N-body dark matter sim-
ulations. This enables us to study the formation and evolution of
Boo¨tes I in a Λ cold dark matter (ΛCDM) universe.
We rest on recent work by Starkenburg et al. (2013), who com-
bined six high-resolution Aquarius dark matter simulations (see
Springel et al. 2008) with a semi-analytic model of galaxy forma-
tion (Li, De Lucia & Helmi 2010, that is in turn build upon Kauff-
mann et al. 1999; Springel et al. 2001; De Lucia, Kauffmann &
White 2004; Croton et al. 2006; De Lucia & Blaizot 2007; De Lu-
cia & Helmi 2008) to investigate the properties of the satellites of
Milky Way-like galaxies in a fully cosmological setting (see also,
e.g., Cooper et al. 2010; Font et al. 2011; De Lucia et al. 2014, for
work on satellites based on the Aquarius Project). In their simula-
tions, new prescriptions are included to follow stellar stripping and
tidal disruption of satellites. While the main focus is on the star
formation histories of dwarf galaxies in and around the Milky Way,
c© 2014 RAS, MNRAS 000, 1–12
Chemical enrichment of Boo¨tes I 5
the treatment of chemical enrichment has some limitations due to
the adoption of IRA.
For the purpose of the present work, we identify Boo¨tes I ana-
logues in the mock galaxy catalogue of Starkenburg et al. (2013),
based on rather loose selection criteria: (i) V-band magnitude be-
tween −6.0 and −6.5 mag; (ii) mostly old stellar populations (more
than 80 per cent of the stars are older than 10 Gyr); (iii) the galaxy
is a satellite of the Milky-Way-like halo and no further out than
150 kpc today. We adopt the mass assembly and star formation
histories of the Boo¨tes I candidates and apply the post-processing
technique described in Romano & Starkenburg (2013) in order
to obtain the detailed chemical composition of synthetic Boo¨tes I
stars in a fully cosmological framework. We find that for such a
small galaxy not all cosmological models are suitable for this post-
processing scheme. This is at least partly due to the assumption of
IRA in the semi-analytical model, which leads to some inconsis-
tencies with the post-processing code, where this approximation is
relaxed. Out of the seventeen selected candidates, we use in this
work the eleven for which the post-processing technique can be ran
self-consistently. The eleven galaxies that are used in the remainder
of this work do represent the full range of star formation histories
found in the Boo¨tes I candidates. For all of these, the totality of the
stars are formed in situ, i.e. there are not stars brought in the system
through mergers. Mergers only provide gas to the system.
3.3 Inhomogeneous mixing
Most chemical evolution studies assume that the ejecta from dying
stars are instantly cooled and mixed back into the ambient medium
(instantaneous mixing approximation, IMA). Recchi et al. (2001)
have shown that, indeed, most of the metals cool off in a few Myr if
a low heating efficiency of a few per cent is adopted for SNe II. A
rapid cooling of the metals would favor an efficient mixing with the
ISM (but see Roy & Kunth 1995; Tenorio-Tagle 1996; Rieschick &
Hensler 2003). In small systems, however, the stochastic sampling
of the IMF introduced by the low star formation rates may lead
to an internal dispersion in abundance ratios (Carigi & Hernandez
2008; Cescutti 2008).
In this study, chemical inhomogeneities are implemented by
taking into account the empirical evidence that a strong correla-
tion exists between the mean linear metallicity Z¯ and the intrinsic
metallicity spread σ(Z)2 of Local Group dwarf galaxies and Galac-
tic star clusters (Leaman 2012). At each time step, forming stars do
not have all the same mean ISM metallicity, Z¯. Rather, they follow
a Gaussian distribution in Z values with
logσ(Z)2 = a + b log(Z¯), (4)
where a = −0.6888970 and b = 1.88930 are derived from the slope
of the relation for dwarf galaxies in figure 2 of Leaman (2012).
The obvious boundary condition applies that stars do not form with
negative metallicities. The detailed chemical composition is then
obtained by scaling to the mean chemical mixture.
With this approach, we do not have to introduce further free
parameters in order to deal with poorly known physical processes.
Detailed three-dimensional hydrodynamical simulations are under-
way, that will allow us to better quantify the extent of chemical
inhomogeneities in Boo¨tes I and other UFDs in future papers.
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Figure 1. Theoretical (solid curves) and observed (histogram) MDFs of
Boo¨tes I. The observed MDF is the ‘combined’ MDF presented in Lai et
al. (2011). The theoretical MDFs have been convolved with a Gaussian
smoothing kernel of σ= 0.20 dex, to take into account the random indi-
vidual errors in [Fe/H] determinations.
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Figure 2. Theoretical [Mg/Fe] versus [Fe/H] for selected homogeneous
chemical evolution models of Boo¨tes I (coloured lines, colour coding is
the same as in Fig. 1). Symbols refer to available high-resolution data (see
Table 1).
4 RESULTS
In this section we discuss the model results in comparison with the
available data. Furthermore, we provide some testable predictions,
to be confirmed or disproved by future observations.
4.1 Homogeneous models
Within the homogeneous chemical evolution paradigm, we can ad-
dress only average galaxy properties. Nevertheless, homogeneous
models turn out to be very useful: because of the small computa-
tional demands, they allow a quick screening of the full parameter
space, thus paving the way for more sophisticated, computationally
expensive modelling. For the classical dwarf spheroidals –and also
some UFDs– of the Local Group, it has been shown that the posi-
tion of the peak of the stellar MDF, as well as the shape of its wings
and the behaviour of the mean [α/Fe] ratio as a function of [Fe/H],
sensibly constrain the star formation efficiency, gas accretion rate,
IMF and occurrence of galactic winds in each galaxy (e.g. Lan-
franchi & Matteucci 2004; Kirby et al. 2011; Vincenzo et al. 2014).
The same observational constraints are used in the present study to
c© 2014 RAS, MNRAS 000, 1–12
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Figure 3. Same as Fig. 1, for models Boo 7 (red dashed line) and Boo 8
(green solid line). Model Boo 8 is the same as model Boo 7, except for a
secondary star formation burst, extremely short but highly efficient, that
is assumed to form a minority population of high-[α/Fe], high metallicity
stars.
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Figure 4. Same as Fig. 2 for models Boo 7 (red dashed line) and Boo 8
(green solid lines; each curve refers to a distinct star formation episode).
The predictions of model Boo 7 have been shifted downward by 0.02 dex to
make them clearly visible.
discriminate among different scenarios for the formation and evo-
lution of Boo¨tes I.
4.1.1 Classical models
The adopted values of the input parameters for a subset of selected
classical models are listed in Table 2 (columns 2 to 9), together with
some of the model results (columns 10 to 13). We changed one by
one the most important parameters of the simulation:
(i) As reviewed in the Introduction, current estimates of the dy-
namical mass of Boo¨tes I enclosed within a half-light radius set
lower limits to the total mass of the system that differ by more
than one order of magnitude. We consider different amounts of dark
matter in the models, ranging from null (model Boo 3) to ∼108 M
(models Boo 5–Boo 8). In general, we find that the lower the dark
matter content, the higher the probability that SN explosions3 de-
stroy the system (this happens when SN explosions unbind all the
gas), unless extremely low thermalization efficiencies of about 1
3 The number of SN explosions in the system is fixed by the observed stel-
lar mass through a fiducial IMF.
per cent are invoked (cf. models Boo 1 and Boo 2). However, our
model Boo 3 –with zero dark matter content– does not undergo dis-
ruption. This is due to the fact that, owing to its extremely shallow
potential well, the gas heated by SN explosions escapes the system
very early on (∆tout = 275 Myr; see Table 2, column 12), carry-
ing away a considerable fraction of the thermal energy released by
SNe before it can accumulate and destroy the system. While our
treatment of SN feedback is clearly oversimplified and no firm con-
clusions can be drawn basing on the results of a single model, our
findings provide some food for thought regarding the capability of
small stellar systems without dark matter to survive multiple SN
explosions.
(ii) At the beginning of the computation, the structure is as-
signed a baryon fraction, fb = Mb/MDM, varying from the cos-
mic fraction ( fb = 0.17± 0.01; Komatsu et al. 2009, model Boo 9)
to fb = 1 (models Boo 1, Boo 2, Boo 4). This provides the mass to
be accreted by infall (see Equation 1). The final baryon fraction is
Fb = Mstars/MDM, withMstars andMDM to be read from Table 2,
columns 10 and 7, respectively. Notice that, in computing the final
baryon fraction, we assume that the galaxy loses all of its gas by
some external mechanism, such as tidal stripping and/or ram pres-
sure stripping. We need to resort to an external mechanism (not im-
plemented in the model) since feedback from SNe is not effective
in removing all the neutral gas from the galaxy in our simulations,
while the observations indicate that there is likely no HI in Boo¨tes I
today.
(iii) Color-magnitude diagrams reveal that the stellar population
of Boo¨tes I is old and has a small age spread. Resting on this piece
of evidence, we test star formation histories consisting of one an-
cient burst, lasting 0.25, 0.5 or 1 Gyr. The star formation efficiency
is fixed such as to predict a stellar mass of ∼1.5–6×104 M at the
present time: the longer the duration of star formation, the lower
must be the star formation efficiency.
(iv) Because of the very shallow potential wells considered in
this study, only small heating efficiencies (of a few percent at most)
can be tolerated for SNe and stellar winds. Otherwise, the galaxy
gets destroyed at early epochs as a consequence of the energy re-
leased by the star formation activity.
(v) In order not to overestimate the mean metallicity of the stars,
in the context of our models the infall time-scale has to be very
short: most of the gas must be available since the very beginning
of the computation to dilute the metals ejected by the first massive
stars. We set τ = 50 Myr for all models.
In Fig. 1 we show the MDFs predicted by selected homoge-
neous models for Boo¨tes I (the MDFs of models Boo 1, Boo 2 and
Boo 3 overlap each other). The theoretical predictions are compared
to the observed distribution of stars in the expanded sample of Lai
et al. (2011). In Fig. 2 the run of [Mg/Fe] versus [Fe/H] is shown
for the same models, in comparison with high-resolution data from
different authors (we exclude Boo-119, for which Gilmore et al.
2013 measure [Mg/Fe] = 1.04). All ratios are normalized using so-
lar reference values from Asplund et al. (2009). All models as-
sume one burst of star formation. While all the theoretical [Mg/Fe]–
[Fe/H] relations coarsely agree with the data, a satisfactory agree-
ment with the observed MDF is obtained only for a subset of mod-
els, namely, the ones with the highest progenitor masses (Mb '
107 M; MDM = 6.5–11× 107 M; see next paragraph). In the
framework of the simple models considered here, the two stars with
c© 2014 RAS, MNRAS 000, 1–12
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Figure 6. SNIa rates (in number of events per Gyr) as functions of the time
elapsed since the beginning of the star formation predicted by models Boo 5,
Boo 6 and Boo 7. The duration of the star formation is different in the three
cases, namely it is 1, 0.5 and 0.25 Gyr, respectively.
[Mg/Fe] > 0.5 at [Fe/H] > −24 can be explained only as forming
in a second, short-lasting –but extremely efficient– starburst involv-
ing a minor fraction of unprocessed gas (see Figs. 3 and 4; see also
Table 2, model Boo 8). Such an episode could be triggered by the
interaction with the Milky Way.
The need for a substantially more massive progenitor can be
easily understood. Let us assume that each core-collapse SN pro-
duces 0.07 M of 56Ni (later decaying in 56Fe, Hamuy 2003) and
that these ejecta fully mix within the considered volume. In such
a hypothesis, and in the absence of inflow/outflow, <2 SNII ex-
plosions already suffice to increase the metal content of a 105 M
gas cloud from [Fe/H] ' −4 to [Fe/H] ' −3, while a metallicity
[Fe/H] ' −2 is reached after 19 such events. Since up to 700 SNeII
are expected to have exploded in Boo¨tes I (assuming a canonical
IMF), we end up with the request that some 106 M of gas must
have been present in order to dilute the freshly produced metals
4 A high ratio of [Mg/Fe] = 0.71±0.09 in Boo-127 (Feltzing et al. 2009) is
not confirmed by successive investigations, that rather point to lower values,
[Mg/Fe] = 0.17±0.18 (Gilmore et al. 2013) or [Mg/Fe] = 0.11±0.07 (Ishi-
gaki et al. 2014).
and not to shift the stellar MDF towards values higher than ob-
served (see Fig. 5). We also note that some SNeIa are expected to
have exploded in the system while it was still forming stars (see
Fig. 6). Since each SNIa releases 0.6–0.8 M of Fe (Iwamoto et
al. 1999), even more diluting gas is needed. Although the above
discussion does not take into account the effect of large-scale out-
flows, that could efficiently remove most of the metals from active
star-forming regions, nor the diluting effect of infall of unprocessed
gas, it does give a good idea of the global magnitudes of gas needed
to produce a Boo¨tes I-like population.
It is also worth stressing that if the IMF is significantly differ-
ent from what assumed here, our rough estimate changes. Weidner
& Kroupa (2005) claim that steeper IMF slopes are to be expected
for systems experiencing low star formation rates, which would re-
sult in a number of core-collapse SNe in Boo¨tes I lower (or even
significantly lower) than for a canonical IMF.
4.1.2 Models in a cosmological context
In classical chemical evolution models, a number of free param-
eters are introduced in order to deal with poorly known physical
processes such as gas condensation, star formation and supernova
feedback, and the interaction with the environment is not taken into
account. Semi-analytic models of galaxy formation coupled with
N-body (dark matter only) cosmological simulations consider en-
vironmental effects to describe how gas (and stars) get into galax-
ies, thus removing the need for a most uncertain parameterization
of the mass assembly histories of galaxies.
The (red) density map in Fig. 7 summarizes the results we
get by post-processing for their detailed chemical properties eleven
Boo¨tes I candidates selected from the mock galaxy catalogue of
Starkenburg et al. (2013, see Section 3.2). The theoretical distribu-
tion, that is normalized to its maximum value, shows where syn-
thetic stars are most likely found in the [Mg/Fe] versus [Fe/H] plot.
Superimposed are the relevant high-resolution abundance data (see
Section 2). Overall, the model predictions agree with the observa-
tions within the errors, apart for a few very low-[Mg/Fe] stars that
are predicted by the models, but not observed. The Boo¨tes I candi-
dates are then inspected one-by-one; the lines in Fig. 7 show three
representative models. Colour-coding refers to the star formation
rate –the darker the curve, the higher the star formation rate. It is
seen that the ‘blobs’ appearing in the density plot are not due to
single star formation bursts but, rather, to the coaddition of differ-
ent models. Indeed, each model spans almost the whole metallicity
range of actual Boo¨tes I stars. Some models can be rejected, as they
clearly underestimate the [Mg/Fe] ratio at all metallicities (see the
lower curve in Fig. 7, representative of this category of models), but
the majority of them predict [Mg/Fe] ratios in reasonable to good
agreement with the observations (e.g., middle and upper curves in
Fig. 7). Looking back at the star formation and mass assembly his-
tories predicted by the semi-analytic model, it is seen that:
(i) Models at odd with the observations display large cold gas
masses (of the order of 107 M) and low star formation rates
(<0.001 M yr−1) at the epoch of chemical enrichment; as a conse-
quence, their stellar ejecta are strongly diluted (see Fig. 5) and the
predicted MDFs peak at [Fe/H] values lower than observed5.
5 Notice that, following Starkenburg et al. (2013) and Li et al. (2010), in
the models run in a fully cosmological setting only 5 per cent of the stellar
ejecta is added directly to the cold gas component; the remainder is stored
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Figure 7. [Mg/Fe] versus [Fe/H] for the models run in a full cosmological context. The density map shows the distribution of long-lived stars for eleven
Boo¨tes I candidates selected from the Starkenburg et al. (2013) mock catalogue of Milky Way’s satellites. The distribution is normalized to its maximum
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Symbols with error bars are high-resolution data for giant stars in Boo¨tes I from Feltzing et al. (2009; squares), Gilmore et al. (2013; circles) and Ishigaki et
al. (2014; triangles).
(ii) A good fit to the observed properties is obtained when ac-
cretion and/or loss of matter properly compensate for the star for-
mation activity; this delicate balance is achieved by a few models.
4.2 Inhomogeneous models
In Figs. 8 and 9 we show the behaviour of several abundance ra-
tios as a function of [Fe/H] predicted by two of our classical mod-
els, model Boo 5 and model Boo 7 (left and right panels in each
figure, respectively), when chemical inhomogeneities are imple-
mented following the empirical relation between mean metallic-
ity and intrinsic metallicity spread found for local dwarf galax-
ies by Leaman (2012; see Section 3.3). These two models have
been chosen since they predict the lowest (model Boo 5) and high-
est (model Boo 7) [Mg/Fe] ratios at any given [Fe/H], while their
MDFs both agree reasonably well with the observational data.
In model Boo 5 the star formation is less efficient –and
lasts longer– than in model Boo 7. Therefore, in model Boo 5 the
ISM gets significantly enriched in iron by SNeIa, at variance
with model Boo 7. This results in lower element-to-iron ratios for
[Fe/H] > −2.5 for all elements, in better agreement with the bulk
of the observations. A relatively long-lasting star formation seems,
hence, favoured in the frame of our models. Also, the spread in the
abundance ratios is reasonably well reproduced, with the notable
exception of carbon. It has been suggested (Gilmore et al. 2013,
and references therein) that this element might suffer a complex
evolutionary history, with two distinct enrichment channels active
at very low metallicities. This would explain both the CEMP-no
in a hot ejected component, from which may or may not be re-accreted by
the system.
and the carbon-normal stars in Boo¨tes I. A detailed study of carbon
evolution should consider the two different enrichment paths and is
beyond the scope of the present paper.
There are a few stars with anomalous abundances in one or
more elements other than carbon that can not be explained by our
models:
(i) Boo-119: this star has [Na/Fe] = 0.73±0.23, [Mg/Fe] =
1.04±0.22, [Ti/Fe] = 0.80±0.28 (Gilmore et al. 2013). None of
these values can be explained by our models. Yet, [Ca/Fe] is normal
in this star (∼0.45 dex).
(ii) Boo-127: our models can not account for the high
magnesium-to-iron ratio, [Mg/Fe] = 0.71±0.09, measured by Feltz-
ing et al. (2009). However, if [Mg/Fe] = 0.17±0.18, as suggested
by Gilmore et al. (2013), or [Mg/Fe] = 0.11±0.07 (Ishigaki et al.
2014) our models can reproduce the data. The Na abundance mea-
sured by Ishigaki et al. (2014) for this star, [Na/Fe] = −0.18±0.15,
is also well explained by the models.
(iii) Boo-41 and Boo-1137: both have [Ti/Fe] > 0.45 dex, well in
excess of the values predicted by our models, even when account-
ing for the fact that the adopted Ti yields severely underestimate the
trend of [Ti/Fe] versus [Fe/H] for Galactic halo stars (see Romano
et al. 2010, their figure 22).
(iv) Boo-117, Boo-127 and Boo-911: the nearly solar [Ca/Fe]
ratios reported by Felzing et al. (2009) for Boo-127 and Ishigaki
et al. (2014) for the other two objects can not be explained by
our models. However, higher ratios have been reported, that bet-
ter match the model predictions.
Fig. 10 shows the MDFs predicted by models Boo 5 and Boo 7
when chemical inhomogeneities are implemented in the code
(dashed lines). Adding the inhomogeneities leads to wider theo-
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Figure 8. [X/Fe] versus [Fe/H] for X = O (panels a, b), Mg (panels c, d), Ca (panels e, f) and Ti (panels g, h). The density maps show the distributions of
long-lived stars for models Boo 5 (left panels) and Boo 7 (right panels) when chemical inhomogeneities are implemented following Leaman’s (2012) empirical
relation between mean metallicity and metallicity spread. Each distribution is normalized to its maximum value. Superimposed are high-resolution data for
giant stars in Boo¨tes I (squares: Feltzing et al. 2009; circles: Gilmore et al. 2013; triangles: Ishigaki et al. 2014).
retical MDFs (cfr. Fig. 1), that are still broadly consistent with the
observed distribution (grey histogram).
We close this section with a note of caution. Combining
data sets from different authors, all coming with their different,
methodology-dependent systematics, may result in overestimating
the intrinsic abundance dispersions, if not even detecting spuri-
ous abundance spreads. The homogeneous analysis of a statisti-
cally significant sample of Boo¨tes I stars is badly needed to shed
light on important issues such as the existence and significance of
abundance spreads and the role of SNeIa in enriching the ISM of
Boo¨tes I, one of the smallest known Milky Way companions.
5 SUMMARY AND CONCLUSIONS
The choice of Boo¨tes I as a case of study was dictated by sev-
eral reasons. First, while it has a total luminosity nearly ten times
smaller than the faintest classical dwarfs, it is still one of the bright-
est among the so-called UFDs (LV = 2.8×104 M, also in the range
of globular clusters). The separation in two classes of the dwarf
satellites discovered before and after the advent of the Sloan Digital
Sky Survey (SDSS; York et al. 2000) is probably an arbitrary one
(see, e.g., Belokurov 2013); still we are interested to the chemical
evolution of stellar systems that, at face value, have a total stellar
mass far too low to retain the SN ejecta (say, lower than 106 M).
On the other hand, the smaller the total stellar mass of a system, the
lower the total number of stars, and, in particular, of stars suitable
for chemical analysis (i.e. red giant branch stars, in the range of
distances of dwarf satellites of the Milky Way). In this framework
Boo¨tes I appears as a good trade-off system, with the additional ad-
vantage of being relatively nearby. Probably, because of the above
characteristics it is also among the best studied UFDs, in partic-
ular from the spectroscopic point of view (see Section 2). Hence,
relatively abundant observational constraints are available for com-
parison with chemical evolution models. Finally, the galaxy is com-
pletely dominated by very old stars with a small spread in age (de
Jong et al. 2008; Hughes et al. 2008)), hence the star formation
history is quite simple.
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Figure 10. Theoretical MDFs (dashed lines) predicted by models Boo 5
and Boo 7 when chemical inhomogeneities are implemented, compared to
the observed one (histogram).
We have run and compared different chemical evolution mod-
els for Boo¨tes I –classical models versus models run in a fully cos-
mological setting, as well as homogeneous versus inohomogeneous
models– and compared the model predictions with the available ob-
servations.
(i) As for the classical models, we suggest, in agreement with
Vincenzo et al. (2014), that Boo¨tes I must have formed through
accretion of relatively large amounts of gas (Mb '107 M) on
very short time scales (τ = 50 Myr) and converted into stars less
than 1 per cent of its baryons (see also Salvadori & Ferrara 2009).
These conditions have to be met in order not to overestimate the
metal content of Boo¨tes I stars. In the case of the cosmologically-
motivated models, lower amounts of diluting gas are needed, be-
cause most of the stellar ejecta is stored in a hot ejected component,
rather than being mixed directly with the neutral ISM.
(ii) At variance with Vincenzo et al. (2014), we do not find a
clear-cut evidence that the gas left over from the star formation pro-
cess can be expelled from the galaxy through large-scale outflows;
rather, in the classical approach we are left with huge amounts of
gas and have to turn to the cosmologically-motivated models to find
that the residual gas is most likely stripped by the interaction with
the Milky Way.
c© 2014 RAS, MNRAS 000, 1–12
Chemical enrichment of Boo¨tes I 11
(iii) Though some of the cosmologically-motivated models pre-
dict lower than observed [α/Fe] ratios in Boo¨tes I, the majority of
them provide reasonable to good fit to the available data. Looking
back at the star formation and mass assembly histories predicted by
the semi-analytical model, we find that a delicate balance of mass
loss, mass accretion and star formation is needed for the model pre-
dictions to agree with the observations.
(iv) Chemical inhomogeneities are implemented in our code fol-
lowing the empirical relation between mean metallicity and metal-
licity spread found by Leaman (2012) for dwarf galaxies in the Lo-
cal Group. In this framework, our capability to reproduce the ob-
served spread in abundance ratios is directly linked to the extent of
the variation of the relative yields with metallicity that is expected
owing to the adopted stellar nucleosynthesis prescriptions (see Ap-
pendix A).
(v) Full (three-dimensional) hydrodynamical simulations in-
cluding stellar feedback and chemical enrichment are needed in
order to obtain better insights on issues such as the development
of outflows and the establishment of inhomogeneities in Boo¨tes I;
we have recently embarked on this kind of computations.
As a final remark, it is worth stressing that at present high-
resolution spectroscopic observations have been obtained only for
a small sample of Boo¨tes I stars. This severely hampers our ca-
pability of drawing firm conclusions on issues such as the impact
of SNeIa in enriching the ISM of Boo¨tes I, or the significance of
inhomogeneities.
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APPENDIX A: THE IMPACT OF THE CHOICE OF THE
STELLAR YIELDS
In Fig. 11 we show the predictions of model Boo 7 with chemical
inhomogeneities implemented as described in Sect. 3.3, for a dif-
ferent choice of the stellar yields, namely, Karakas (2010) for sin-
gle low- and intermediate-mass stars and Kobayashi et al. (2006)
for single massive stars exploding as SNeII (see Sect. 3.1.3). When
comparing the results shown in Fig. 11 with the corresponding ones
relevant to our standard yield choice, displayed in the right-hand
panels of Figs. 8 and 9, it is immediately seen that with the new
nucleosynthesis prescriptions:
(i) the bulk of the synthetic stars has higher metallicities;
(ii) lower [X/Fe] ratios are predicted at all [Fe/H] for C, Na, O,
Ca, Ti, Mn, and Cu, while the predicted [Mg/Fe] ratio is slightly
higher for [Fe/H] > −2 dex;
(iii) a much smaller dispersion is expected for all the abundance
ratios, with the notable exception of [O/Fe].
The first two points simply reflect the fact that lower/higher
amounts of each chemical element are restored to the ISM by dy-
ing stars according to the different nucleosynthesis studies analysed
here. The third issue, instead, has to do with the variation of the
relative yields with metallicity, that for Kobayashi et al. (2006) is
smaller than for Woosley & Weaver (1995), at least for the metal-
licity range probed by this study.
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Figure 11. [X/Fe]–[Fe/H] relations in Boo¨tes I. The contours show the frequency distribution of long-lived stars in the simulated galaxy, where yellow is for
the highest frequency and blue for the lowest one. High-resolution data for giant stars are taken from Feltzing et al. (2009; squares), Gilmore et al. (2013;
circles) and Ishigaki et al. (2014; triangles).
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